
  

APRIL 2021   72088/TAM6B 

Time : Three hours Maximum : 75 marks 

PART A — (10  2 = 20 marks) 

Answer any TEN questions. 

1. Prove that any set with only one point in dR  is 

open. 

 J÷μ J¸ ¦ÒÎ²øh¯ Pn® dR  vÓ¢u Pn® GÚ 

{ÖÄP. 

2. Define a dense set in a metric space ),M(  . 

 ö©m›U öÁÎ ),M(  À Ahºzv¯õÚ Pnzøu 

Áøμ¯ÖUP. 

3. Prove that ]1,21(  is open in ]1,0[ . 

 ]1,0[ À ]1,21(  Gß£x vÓ¢u Pn® GÚ {ÖÄP. 

4. Prove that ]1,0[  is complete. 

 ]1,0[  Gß£x •Êø©¯õÚ öÁÎ GÚ {ÖÄP. 

5. State finite intersection property of family of sets. 

 Pn[PÎß SÊ©zvß •iÄÖ öÁmk £sø£ 

GÊxP. 

(6 pages) 
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6. Verify that 
x

xf 1)(   is uniformly continuous on 

]1,0( . 

 
x

xf 1)(   Gß£x ]1,0(  «x ^μõÚ öuõhºa] Gß£øu 

\›£õºUP. 

7. Prove that every countable set of R  has measure 
zero. 

 JÆöÁõ¸ GsohzuUP ö©´ö¯s Pn[PÎß 

AÍÄ §äâ¯® GÚ {ÖÄP.  

8. If xxf )(  on ]1,0[  and  1,21,41,81,0  is 
a division, then find ),[ fU . 

 xxf )( ]1,0[ À ÷©¾®  1,21,41,81,0  J¸ 

¤›Ä GÛÀ ),[ fU øÁ PõsP. 

9. State the law of mean. 

 \μõ\› Âvø¯ GÊx. 

10. If nxxf )( ,  x , then prove that 
1 nnc)c('f ,  x . 

 nxxf )( ,  x  GÛÀ 
1 nnc)c('f  GÚ 

{ÖÄP. 
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11. Prove that }{ nf  does not converge uniformly on 

]1,0[  if n
n xxf )( . 

 n
n xxf )(  GÛÀ }{ nf , ]1,0[  À Á›ø\ ^μõP SÂuÀ 

CÀø» GÚ {ÖÄP.  

12. Define uniform convergence. 

 ^μõÚ SÂuø» Áøμ¯Ö. 

PART B — (5  5 = 25 marks) 

Answer any FIVE questions. 

13. Prove that x  is a limit point of set E  subset of 
metric space M  if and only if every open ball 

),( rxB  contains atleast one point of E . 

 x  Gß£x ö©m›U öÁÎ M ß EmPn® E °ß 

GÀø» ¦ÒÎ¯õP C¸¢uõÀ C¸zuõÀ ©mk÷© vÓ¢u 

£¢x ),( rxB  SøÓ¢ux E ß J¸ ¦ÒÎø¯¯õÁx 

öPõsi¸US® GÚ {ÖÄP. 

14. Prove that closed subspace of a complete metric 
space is complete. 

 K¸ •Êø©¯õÚ ö©m›U öÁÎ°ß ‰i¯ EmöÁÎ 

•Êø©¯õÚx GÚ {ÖÄP. 
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15. If ],[ baRf   and ],[ baRg , then prove that 

  
b

a

b

a

b

a

gfgf )( . 

 ],[ baRf   ÷©¾® ],[ baRg GÛÀ 

  
b

a

b

a

b

a

gfgf )( GÚ {ÖÄP. 

16. If ],[ baRf  , then prove that  
b

a

b

a

ff . 

 ],[ baRf   GÛÀ  
b

a

b

a

ff  GÚ {ÖÄP. 

17. If the real valued function f  has a derivative at 
Rc , the prove that f  is continuous at c . 

 ö©´ö¯ß ©v¨¦øh¯ \õº¦ f  Rc &À ÁøP±hÀ 

öPõsi¸US©õ°ß, f  c °À öuõhºa]¯õP C¸US® 

GÚ {ÖÄP. 

18. If f  has a derivative at each point of ],[ ba , then 

prove that 'f  takes on every value between )a(f '  

and )b(f ' . 

 ],[ ba  EÒÍ GÀ»õ ¦ÒÎPÐUS® f  ÁøP 

öPõsi¸zuõÀ 
'f  Gß£x )a(f '  ÷©¾® )b(f '  

Cøh÷¯ EÒÍ GÀ»õ ©v¨ø£²® öPõsi¸US® GÚ 

{ÖÄP.  

[P.T.O.]
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19. Prove that nx
n e

n
xf 

1)(  on ),0[   uniformly 

converges to 0. 

 nx
n e

n
)x(f 

1
, ),0[  ß «x  ‘0’ÄUS ^μõP JÊ[S® 

GÚ {ÖÄP.  

PART C — (3  10 = 30 marks) 

Answer any THREE questions. 

20. Prove that the function 21: MMf   is continuous 

if and only if )(1 af   is open in a metric space 1M  

whenever G  is open in 2M . 

 ö©m›U öÁÎ 1M ¼¸¢x 2M US ö\À¾® \õº¦ 

öuõhºa]¯õP C¸¢uõÀ C¸zuõÀ ©mk÷© 

)(1 af 
1M À vÓ¢x G¨÷£õöuÀ»õ® G , 2M À 

vÓ¢v¸US ÷£õx GÚ {ÖÄP 

21. Prove that the subset A  of a metric space M  is 
totally bounded if and only every sequence of A  
contains Cauchy subsequence. 

 ö©m›U öÁÎ M ß EmPn® A  •ÊÁx® 

Áμ®¦øh¯uõP C¸¢uõÀ C¸¢uõÀ ©mk÷© A °À 

EÒÍ GÀ»õ öuõhºPÐ® Põê Emöuõhº 

öPõsi¸US® GÚ {ÖÄP. 
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22. State and prove the first fundamental theorem of 
calculus. 

 ~ßPouzvÚ •uÀ Ai¨£øh ÷uØÓzøu GÊv 

{ÖÄP. 

23. Prove that the bounded function ],[ baRf   if and 
only if for 0 , there exists a subdiviser   such 
that ),(),(  fLfU  . 

 ],[ ba &À Áμ®¦øh¯ \õº¦ ],[ baRf   C¸¢uõÀ 

C¸¢uõÀ ©mk÷© JÆöÁõ¸ 0 US Em¤›ÄUS 

),(),(  fLfU   GÚ Aø©²® GÚ {ÖÄP.  

24. Establish Taylor’s formula with Lagrange form of 
remainder. 

 ö»Uμõg Aø©¨¦ «v²hß EÒÍ öh´»º `zvμzøu 

{ÖÄP. 

———————  


