
  

APRIL 2020 72087/TAM6A 

Time : 1 2
1  hours Maximum : 75 marks 

PART A — (5  3 = 15 marks) 

Answer any FIVE questions. 

1. Define the homomorphism of a vector space. 

 J¸ öÁUhº öÁÎ°ß ¦ÚÀ \õº¦ Gß£øu Áøμ¯Ö. 

2. If S  and T  are subsets of V , then prove that 
)()()( TLSLTSL  . 

 V °ß EmPn[PÒ S  ©ØÖ® T  GßP. 

)()()( TLSLTSL   GÚ {ÖÄP. 

3. If mVF dim  then what is the dimension of 

),( VVHom ? 

 mVF dim  GÛÀ, ),( VVHom  °ß £›©õn® 

GßÚ? 

4. If V  is a vector space then what is its dual space? 

 V  Gß£x J¸ öÁUhº öÁÎ GÛÀ Auß C¸ø© 

öÁÎ Gß£x GßÚ? 

(6 pages) 
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5. Let V  be a inner product space. Let Vwvu ,,  

and F . Then ?),(  wvu   

 V  J¸ EÒö£¸US öÁÎ GßP. Vwvu ,,  ©ØÖ® 

F  GÛÀ ?),(  wvu   

6. Let V  be an innerproduct space and let Vv .  

Then what is the value of v ? 

 V  J¸ EÒö£¸UPÀ öÁÎ GßP ©ØÖ® Vv  GßP. 

v °ß ©v¨¦ GßÚ? 

7. Let Vvu , , an innerproduct space. When do you 

say that u  is orthogonal to v ? 

 V  GßÓ EÒö£¸UPÀ öÁÎ°À Vvu ,  GßP.  

u  G¨÷£õx v &US ö\[SzuõP C¸US® GÚ TÖP. 

8. Define an algebra A  over F . 

 F &ß «uõÚ C¯ØPou® A  ÂøÚ Áøμ¯Ö. 

9. Define a characteristic root   of )(VAT  . 

 )(VAT  &ß £s¤¯À ‰»®  &ÂøÚ Áøμ¯Ö. 

10. Define the matrix of )(VAT  . 

 )(VAT  °ß Ao°øÚ Áøμ¯Ö. 
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11. Compute 
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12. When do you say that )(, VATS   are similar? 

 )(, VATS   G¨ö£õÊx ÁiöÁõzuõP C¸US®? 

PART B — (3  10 = 30 marks) 

Answer any THREE questions. 

13. If V  is a vector space over F , prove that 
 (a) oO   , F  

 (b) Ovo  . 

 F ß «uõÚ öÁUhºöÁÎ V  GÛÀ 

 (A) oO  , F  

 (B) Ovo   GÚ {ÖÄP. 

14. If Vvvv n ,...,, 21  are linearly independent then 
prove that every element in their linear span has a 
unique representation in the form 

Fvv inn   ,11 ... . 

 Vvvv n ,...,, 21  Gß£Ú ÷|›¯À _¯õwÚ©õÚx GÛÀ 

JÆöÁõ¸ EÖ¨¦® AøÁPÎß ÷|›¯À 

CøhöÁÎ°ß ¤μv{vzxÁ® ,11 ... nnvv    

Fi   GßÓ ÁiÁzøu uÛzxÁ©õP ö£ØÖÒÍx 
GÚ {ÖÄP. 
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15. If V  is finite-dimensional and W  is a subspace of 

V  then prove that 

 WVWA
WA
V

W dimdim)(dim,
)(






. 

 V  Gß£x J¸ •iÄÖ £›©õn•ÒÍuõPÄ® W  

Gß£x V °ß EÒöÁÎ¯õPÄ® C¸¨¤ß 

WVWA
WA
V

W dimdim)(dim,
)(






 GÚ {ÖÄP. 

16. Let Vvu ,  and F . Prove that 

 ),(),( uuvuvu  ),( vu   

      ),(),( vvuv    

 Vvu ,  ©ØÖ®  F  GßP. 

  ),(),( uuvuvu  ),( vu   

      ),(),( vvuv    

GÚ {ÖÄP. 

17. If V  is a finite-dimensional innerproduct space 
and W  is a subspace of V  then prove that 

WW  )( . 

 V  Gß£x •iÄÖ £›©õn•ÒÍ EÒö£¸UPÀ 

öÁÎ ©ØÖ® W  Gß£x V °ß EÒöÁÎ GÚÄ® 

öPõshõÀ WW  )(  GÚ {ÖÄP.  

[P.T.O.]
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18. Let F  be a characteristic root of )(VAT  . 
Prove that   is a root of the minimal polynomial 
of T . 

 F  Gß£x )(VAT  °ß J¸ £s¤¯À ‰»® 

GßP. T °ß SøÓ¢u£m\ £À¾Ö¨¦U ÷PõøÁ°ß 
‰»®   GÚ {ÖÄP. 

19. Define the matrix of  T  for )(VAT  . 

 )(VAT  &US T °ß Ao°øÚ Áøμ¯Ö. 

PART C — (2 × 15 = 30 marks) 

Answer any TWO questions. 

20. If },...,,{ 21 nvvv  is a basis of V  over F  and if 
Vwww m ,...,, 21  are linearly independent over 

,F  then prove that nm  . 

 F ß «uõÚ V °ß AiUPÍ® },...,,{ 21 nvvv  GßÖ®, 

©ØÖ® Vwww m ,...,, 21  Gß£Ú F &ß «uõÚ 

÷|›¯À _¯õwÚ©õÚx GßÖ® öPõshõÀ nm   GÚ 
{ÖÄP. 

21. Let V  be finite dimensional and Vv  0 . Prove 

that there is an element Vf ˆ  such that 0)( vf . 

 V  Gß£x J¸ •iÄÖ £›©õn•ÒÍx GÚÄ® 

©ØÖ® Vv  0  GÚÄ® öPõÒP. Vf ˆ  GßÓ EÖ¨¦ 

0)( vf  GßÓÁõÖ EÒÍx GÚ {ÖÄP. 
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22. Let V  be a finite dimensional inner product space. 
Prove that V  has an orthonormal set as a basis. 

 V  Gß£x •iÄÖ £›©õn•ÒÍ EÒö£¸UPÀ 
öÁÎ GÛÀ V  J¸ ö|›© A»S ö\[Szx Pnzøu 
J¸ AiUPn©õP ö£ØÖÒÍx GÚ {ÖÄP. 

23. Let V  be finite dimensional over F . Prove that 
)(VAT   is regular if and only if T  maps V   

onto V . 

 V  Gß£x J¸ •iÄÖ £›©õn•ÒÍ EÒö£¸UÀ 
öÁÎ GßP. )(VAT   öμS»μõP C¸UP ÷uøÁ¯õÚ 

©ØÖ® ÷£õx©õÚ {£¢uøÚ T  ÷©¨ì V  Bßk V  
GÚ {ÖÄP. 

24. If V  is n -dimensional over F  and if )(VAT   
has the matrix )(1 Tm  in the basis nvvv ,...,, 21  and 
the matrix )(2 Tm  in the basis nwww ,...,, 21  of V  
over F , then prove that there is an element 

nFC  such that 1
12 )()(  CTmCTm . 

 V &Gß£x F &ß «uõÚ n &£›©õn® öPõshx 

GßÖ® ÷©¾® )(VAT   Gß£uØS nvvv ,...,, 21  

GßÓ AiUPnzøu Eøh¯ Ao )(1 Tm  GßÖ®, 

©ØÖ® F ß «x nwww ,...,, 21  GßÓ AiUPnzøu 

öPõsh T°ß Ao )(2 Tm  GßÖ® öPõshõÀ 
1

12 )()(  CTmCTm  GßÓÁõÖ nFC  GßÓ J¸ 

EÖ¨¦ C¸US® GÚ {ÖÄP. 

———————  


